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Setting Structure results Nilradicals

Let g be a finite dimensional Lie algebra over R and consider a bilinear
form b : g× g −→ R. Notice

b ∈ g∗ ⊗ g∗ = Λ2g∗ ⊕ S(g).

We say that b is an ((invariant tensor)) if

b([X ,Y ],Z ) + b(Y , [X ,Z ]) = b(X , [Y ,Z ]) for all X ,Y ,Z ∈ g. (1)

For b skew-symmetric or symmetric: Z 2(g) = ker(d : Λ2g∗ −→ Λ3g∗) and
S inv (g) = {b ∈ S(g) : b satisfies (1)}.

Particular cases of interest when b is non-degenerate

• b is skew-symmetric  b = ω is a symplectic structure on g.

• b is symmetric  b = 〈 , 〉 is an ad-invariant metric and (1) is
equivalent:

〈[X ,Y ],Z 〉+ 〈Y , [X ,Z ]〉 = 0 for all X ,Y ,Z ∈ g.
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Assume g admits a non-degenerate invariant tensor b. Then

 if b = ω is symplectic then

• g is even dimensional,

• g is not semisimple,

• dim gj + dim gj ≤ dim g for all j ≥ 0

• g nilpotent then 0 6= [ω] ∈ H2(g).

 if b = 〈 , 〉 is an ad-invariant metric then

• g could be semisimple.

• dim gj + dim gj = dim g for all j ≥ 0

• g solvable then z(g) 6= 0.

• σ(X ,Y ,Z ) = 〈[X ,Y ],Z 〉 ∈ H3(g).

•
⋂

X∈g[Cg(X ), g] = 0
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Plan

Focus on nilpotent Lie algebras n.

Objective identify Lie-algebraic structure of n when it admits a non-
degenerate invariant tensor.

Goal properties of irreducible factors of Z 2(g) and H2(n) (S inv (n)) under
the action of g ⊂ Der(n), when n admits a skew-symmetric (symmetric)
invariant tensor.

Particular case: n is a nilradical of a parabolic subalgebra p of a split
simple real Lie algebra g.

For which p and g does n admit a non-degenerate invariant tensor? Of
both types?
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Let n be a real nilpotent Lie algebra and let

n = n0 ⊃ n1 ⊃ · · · ⊃ nk−1 ⊃ nk = 0

be the lower central serie of n. Let g ⊆ Der(n) be reductive. We have

n∗ = m1 ⊕m2 ⊕ · · · ⊕mk

where each mi is a g-submodule such that m1 = (n1)◦, m1 ⊕m2 = (n2)◦,
etc.. For this gradation

n∗⊗n∗ =
⊕

1≤i,j≤k

mi⊗mj , Λ2n∗ =
⊕

1≤i≤j≤k

mi∧mj , S(n) =
⊕

1≤i≤j≤k

mi�mj

For each t = 1, . . . , dk/2e let Pt : n∗ ⊗ n∗ → mt ⊗mk−t+1.
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For a (skew)-symmetric invariant tensor b : n× n −→ R we can prove

b(X ,Y ) = 0 for all X ∈ ni ,Y ∈ nj such that i + j ≥ k.

Therefore:

S inv (n) ⊂ m1 �mk + (m1 + m2)�mk−1 + . . . =
⊕

i+j≤k+1

mi �mj

Z 2(n) ⊂ m1 ∧mk + (m1 + m2) ∧mk−1 + . . . =
⊕

i+j≤k+1

mi ∧mj

b non-degenerate ⇒ for all 0 6= X ∈ nk−1 ∃Y ∈ n 	 n1 such that
b(X ,Y ) 6= 0 ⇒ P1(b) 6= 0.

What for Pt(b), t ≥ 2?
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Theorem (Cagliero,-,’16)

If n admits a non-degenerate (skew-)symmetric invariant tensor then for
any t = 1, . . . , dk/2e such that

dim nk−t + dim nt−1 > dim n, (2)

there is an irreducible g-submodule Vt of S inv (n) (resp. Z 2(n) ) such that
Pt(σ) 6= 0 for any nonzero element σ in Vt .

If either n or R⊕ n is symplectic, there is an irreducible g-submodule Ut

of H2(n) Pt(σ) 6= 0 for any σ ∈ Λ2n∗ corresponding to a nonzero
cohomology class in Ut .
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We consider a particular family of nilpotent Lie algebras.
Fix

• g̃ a real simple split Lie algebra,

• ∆ root system of g, with positive roots ∆+ and simple roots Π,

• g̃ = g̃− + h + g̃+ the triangular decomposition and b̃ = h + g̃+ Borel
subalgebra.

• p parabolic subalgebra of g̃, p = gn n with Levi factor
g = g− ⊕ h⊕ g+.

Recall: p parabolic subalgebra of g̃ ↔ Π0 where Π0 ⊆ Π.

We apply the previous ideas to the particular case:
 n the nilradical of p,
 g acting reductively by derivations on n.
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First results:
If |Π0| ≥ 3 then P1(b) = 0 for any b non-degenerate (skew-) symmetric
invariant tensor on n.
If |Π0| = 2 then P1(〈 , 〉) = 0 for any 〈 , 〉 ad-invariant metric on n.

Main results [Cagliero, -,’16][-,16]:

 n (or R⊕ n) is symplectic if and only if n is

• The abelian Lie algebras.
• The free 2-step nilpotent Lie algebra generated by 2 or 3 elements.
• The filiform Lie algebra of dimension 4: [X1,X2] = X3, [X1,X3] = X4.
• {Xi ,Yi , Zij : 1 ≤ i , j ≤ 2}, [Xi ,Yj ] = Zij , 1≤ i , j≤2.
• {Xi ,Yi , Zij : 1≤ i≤ j≤n}, [Xi ,Yj ] = [Xj ,Yi ] = Zij , 1≤ i≤ j≤n;

n = 2, 3.
• {Xi ,Yi , Zij : 1≤ i< j≤3}, [Xi ,Yj ] = −[Xj ,Yi ] = Zij , 1≤ i< j≤3.

• RX nadX
(Rn−1 ⊕ Rn−1) with adX =

(
0 0

I 0

)
.

 n admits ad-invariant metric if and only if n is

• abelian Lie algebras.
• the free 2 step nilpotent Lie algebra on 3-generators,
• the free 3 step nilpotent Lie algebra on 2-generators.
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Let n be associated to Π0 ⊂ Π, then

• for each γ ∈ ∆, consider

o(γ) =
∑
α∈Π0

coordα(γ), and set n(i) =
⊕
γ∈∆
o(γ)=i

g̃γ , i ∈ Z

• the lower central serie is given by

nj =
k⊕

i=j+1

n(i),

and the nilpotency index of n is k = o(γmax)

Via the Killing form of g̃ we identify

n∗←→ n− =
k⊕

i=1

n(−i) and mj←→n(−j), j = 1, . . . , k.

So P1 : n− ⊗ n− → n(−1) ⊗ n(−k).
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ad-invariant metrics

Lema

Assume |Π0| ≥ 2. Let Xγ ∈ nk−1 and α ∈ Π0. There exist
δ, β1, . . . , βt ∈ ∆+

n such that

Xγ = [[[Xδ,Xβt ],Xβt−1 ], · · · ,Xβ1 ] (up to non-zero multiple)

where coordα(δ) = 0, coordα(βj) 6= 0 for all j = 1, . . . , t and
δ + βt + βt−1 + . . .+ βt−s , s = 0, . . . , t − 1 is a root in ∆+

n .

Proposition

If |Π0| ≥ 2 then n does not admit ad-invariant metrics.

Proof. Let Xγ ∈ nk−1 and Xµ s.t. o(µ) = 1. Then

〈Xγ ,Xµ〉 =
〈
[[[Xδ,Xβt ],Xβt−1 ], · · · ,Xβ1 ],Xµ

〉
= 〈Xδ, [Xβt , · · · , [Xβ2 , [Xβ1 ,Xµ]]]〉 = 0

Π0 = {α}  case by case study, gives only existence on B3, α = γ3 and
G2, α = γ1 and abelian.
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symplectic structures

We will show that P1(U) = 0 for almost any irreducible submodule U of
H2(n).

A set of representatives of g-highest weight vectors of H2(n) is given in
terms of root vectors Xγ (Kostant):

H2(n)hwv = {X−α1 ∧ X−α2 ∈ Λ2n− : {α1, α2} = w∆− ∩∆+, w ∈W 1,2}

An insight into those roots above gives

Proposition

If sα ∈W denotes the reflection associated to the simple root α ∈ Π,
then

H2(n)hwv = {X−α ∧ X−β : α, β ∈ Π0, (α, β) = 0}∪
{X−α ∧ X−sα(β) : α ∈ Π0, β ∈ Π, (β, α) < 0}.
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Proposition

Assume n is non abelian. If either n or R⊕ n is symplectic, then there
exists α ∈ Π0 and β ∈ Π such that coordγ(sα(β)) = coordγ(γmáx) for all
γ ∈ Π0, and (β, α) < 0.

Proof. Assume n or R ⊕ n is symplectic, then P1(σ) 6= 0 for some
σ ∈ H2(n)hwv; recall P(σ) ∈ n(−1) ∧ n(−k).

n nonabelian ⇒ P(X−α ∧ X−β) = 0 for all α, β ∈ Π0

⇒ P(X−α ∧ X−sα(β)) 6= 0 for some α ∈ Π0, β ∈ Π with (α, β) < 0.

Also

P(X−α ∧ X−sα(β)) 6= 0 ⇔ X−sα(β) ∈ n(−k)

⇔ Xsα(β) ∈ nk−1

⇔ coordγ(sα(β)) = coordγ(γmáx) for all γ ∈ Π0.

Remark: for α ∈ Π0 and β ∈ Π, sα(β) = β − (β,α)
||α||2α.

First conclusion: If n corresponds to Π0 ⊂ Π, where Π0 has 3 or more
roots, then neither n nor R⊕ n are symplectic.
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σ ∈ H2(n)hwv; recall P(σ) ∈ n(−1) ∧ n(−k).

n nonabelian ⇒ P(X−α ∧ X−β) = 0 for all α, β ∈ Π0

⇒ P(X−α ∧ X−sα(β)) 6= 0 for some α ∈ Π0, β ∈ Π with (α, β) < 0.

Also

P(X−α ∧ X−sα(β)) 6= 0 ⇔ X−sα(β) ∈ n(−k)

⇔ Xsα(β) ∈ nk−1

⇔ coordγ(sα(β)) = coordγ(γmáx) for all γ ∈ Π0.

Remark: for α ∈ Π0 and β ∈ Π, sα(β) = β − (β,α)
||α||2α.

First conclusion: If n corresponds to Π0 ⊂ Π, where Π0 has 3 or more
roots, then neither n nor R⊕ n are symplectic.
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Proposition

Let n be a nonabelian nilradical of a parabolic subalgebra of g̃ associated
to Π0. If either n or R⊕ n is symplectic, then one of the following holds

1. Π0 = {α} and there exists β ∈ Π such that coordα(γmáx) = −2 (β,α)
||α||2 .

2. Π0 = {α, β}, coordβ(γmáx) = 1 and coordα(γmáx) = −2 (β,α)
||α||2 .

In either case, (β, α) < 0.

Remark: abelian Lie algebras n arise only when Π0 = {α} and
coordα(γmáx) = 1.

We search by type the sets Π0 verifying 1. or 2. or n abelian. Moreover,
we filter with the condition dim nj + dim nj ≤ dim n.

Finally we get...
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The Lie algebra n or R ⊕ n is symplectic if and only if n is one of the
following (g̃ and Π0 specified):

• The abelian Lie algebras (A, D, E, Π0 = {α}*).

• The free 2-step nilpotent Lie algebra generated by 2 or 3 elements
(Bm, m = 2, 3, Π0 = {γm}).

• The filiform Lie algebra of dimension 4: [X1,X2] = X3, [X1,X3] = X4

(B2, Π0 = Π).

• {Xi ,Yi , Zij : 1 ≤ i , j ≤ 2}, [Xi ,Yj ] = Zij , 1≤ i , j≤2
(A4, Π0 = {γ2, γ3}).

• {Xi ,Yi , Zij : 1≤ i≤ j≤n}, [Xi ,Yj ] = [Xj ,Yi ] = Zij , 1≤ i≤ j≤n;
n = 2, 3 (Cm Π0 = {γm−1}, m = 3, 4).

• {Xi ,Yi , Zij : 1≤ i< j≤3}, [Xi ,Yj ] = −[Xj ,Yi ] = Zij , 1≤ i< j≤3
(D4, Π0 = {γ3, γ4}).

• RX nadX
(Rn−1 ⊕ Rn−1) with adX =

(
0 0

I 0

)
(Am, Π0 = {γk , γk+1}, k = 1, . . . ,m − 1).
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Thanks for your attention ...
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